Algebra of observables in the Calogero model and in the Chern-Simons matrix model 
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The algebra of observables of an Af-body Calogero model is represented on the Sjv-symmetric 
subspace of the positive definite Fock space. We discuss some general properties of the algebra 
and construct four different realizations of the dynamical symmetry algebra of the Calogero model. 
Using the fact that the minimal algebra of observables is common to the Calogero model and the 
finite Chern-Simons (CS) matrix model, we extend our analysis to the CS matrix model. We point 
out the algebraic similarities and distinctions of these models. 
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I. INTRODUCTION 



o 

The Calogero model [jj] is a completely integrable model || that describes a system of TV interacting particles in one 
\ dimension. Even though the interaction is highly non-trivial, one can construct the needed constants of motion, find 
a spectrum and expressions for the wave functions. Surprisingly, the model and its various generalizations have been 
' found relevant to a host of problems in physics (and mathematics) . It was long realized that for three special values 
of the interaction parameter v — 1/2, 1, 2 the model was closely related to the random matrix theory || of the three 
t^J- ' Wigner-Dyson ensembles: orthogonal, unitary and symplectic, respectively. The particles subject to the Calogero 
£NJ , dynamics obey fractional statistics , and this motivated investigations of the connection between the Chern-Simons 
based anyonic physics in the fractional quantum Hall effect and the Calogero model [^). The collective-field theory 
approach proved useful in constructing solitonic solutions [||, and in establishing relations to the d = 1 string theory 
0. Recently, the interest in the Calogero model has been renewed. It was proposed || that the supersymmetric 
extension of the model could provide a microscopic description of the extremal Reissner-Nordstrom black hole. The 
supersymmetric extensions of the Calogero model themselves were analyzed in detail [|| . Many more applications of 
the model have been found, which have intensified the research of the model intrinsic properties. 
Qh, Investigations of the algebraic properties of the Calogero model in terms of the S^r-extended Heisenberg algebra 
p0| defined a basic algebraic set-up for further research. Floreanini et. al. [|ll| showed that the dynamical symmetry 
algebra of the two-body Calogero model was a polynomial generalization of the SU(2) algebra. The three-body 



problem was also treated 12 , and the dynamical algebra of the polynomial type and the action of its generators on 
the orthonormal basis were obtained. It was shown that in the two-body case the polynomial SU (2) algebra could 
be linearized, but an attempt to generalize this result to the iV-body case led to (N — 1) linear SU(2) subalgebras 
that operated only on subsets of the degenerate eigenspace |l3|| . The general construction of the dynamical symmetry 
algebra was given in Ref . |Iif| . Also, the bosonic realization of a non-linear symmetry algebra describing the structure 
of degenerate energy levels of the Calogero model was obtained |l5| . In this paper we give a more detailed analysis 
of the algebra of observables of the Calogero model, discuss the spin representation of the algebra and present a new 
realization of the dynamical symmetry algebra. 

The construction of the algebra of symmetric one-particle operators for the Calogero model Jl6| resulted in an 
infinite-dimensional Lie algebra, independent of the particle number and the constant of interaction. This algebra was 
interpreted as the algebra of observables for a system of identical particles on the line. The problem with fixed number 
of particles N, which we discuss here, can be viewed as an irreducible representation of the afore-mentioned algebra. 
In Ref. JL7| it was claimed that this infinite-dimensional Lie algebra was common to the matrix model. We argue that 
although this is true, the actual models are different, as can be seen from the the algebraic structure obtained for a 
fixed number of particles N. 

The renewed interest in the matrix model came from the connection with the noncommutative field theory. Namely, 
following the Susskind conjecture Q that the non-commutative Chern-Simons (CS) theory provides an effective 
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description of a quantum Hall (QH) effect, Polychronakos proposed |19| a finite matrix version of the model. Ho 
claimed that this matrix model was in fact equivalent to the Calogero model. We analyzed the algebra of observables 
acting on the physical Fock space of that model [^0|, and observed that the minimal algebra of observables was 
identical with that of the Calogero model, although the complete algebraic stuctures are different. We identified the 
states in the I— th tower of the CS matrix model Fock space with the states in the physical Fock space of the Calogero 
model with the interaction parameter v — I + 1. Also, we described quasiparticle and quasihole states in the both 
models in terms of Schur functions. Using a coherent state representation, the wavefunctions for the Chern-Simons 
matrix model proposed by Polychronakos were constructed and compared with the Laughlin ones [pl[ . The same 
authors also studied the spectrum of the model and identified the orthogonal set of states |22j . 

Taking into consideration all relations between the Calogero model, the matrix model and the QH physics, we feel 
that a more detail algebraic analysis is in order. In this paper we analyze the complete algebra of observables of the 
CS matrix model and confirm by explicit construction that the models in question have different algebraic structures. 

The paper is organized as follows. In Section II we review basic steps in the construction of the iS/v-extended 
Heisenberg algebra of the Calogero model represented on the S^r-symmetric subspace of the positive definite Fock 
space. In Section III we construct the minimal algebra of observables, An and discuss its general properties. We 
establish a mapping to the Heisenberg algebra and this gives us a natural, orthogonal basis for the model. In 
the followingsection we consider the larger algebra Bn and show that its spin representation gives an irreducible 
representation of the algebra constructed in Ref.[|l6|. In Section V we present four different realizations of the 
dynamical symmetry algebra describing the structure of the degenerate eigenspace in detail. The analysis of the 
algebra of obervables is extended to the finite CS matrix model in the Section VI, and in the last section we compare 
the algebraic structure of the two models. Finally, in the appendixes we confirm our findings by explicit calculations. 



II. THE CALOGERO MODEL ON THE SYMMETRIC FOCK SPACE 



The Hamiltonian of the (rational) Calogero model describes N identical particles (bosons) interacting through an 
inverse square interaction subject to a common confining harmonic force: 

*2 N q2 2 N I i\ t 2 N 1 

2m^dxf 2 ^ 1 2m ^(x l -x 1 ) 2 ' K> 

In the following we set h, the mass of particles m and the frequency of harmonic oscillators u) equal to one. The 
dimensionless constant v is the coupling constant 1 and N is the number of particles. The ground-state wave function 
is, up to normalization, 



^ ( *y A 

,x N )exp I — - Z^ x i\ 



V>o(xi,...,Xw) = 0(X1, f \ irxp ( -- ) y r) j . (2) 

where 

8(xi, . . . ,x N ) = Y[ \x{ - Xj\", (3) 



iV 



i<] 



with the ground-state e nerg y Eq — N[l + (N — l)v]/2. 
The Dunkl operators (24] 



Di = di + vJ2 — (1 - Ktj) 

.... Xi Xj 

are the basic building blocks of the Calogero model creation and annihilation operators . The elementary generators 
Kij of the symmetry group Sn exchange the labels i and j: 

KijKji = KjiKu = KuKij, for i^j, i ^ /, j ^ I, 



It is also called the statistical parameter. Note that in one space dimension the concept of statistics requires a special treatment, see 
Refs.j23|. 
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and we choose Kij\0) = |0). Now we can introduce the creation and annihilation operators: 

a\ = -j={-Di + Xi), a, = + x i)i ( 4 ) 

where the operator a, annihilates the vacuum. Using the well-known properties of the Dunkl operators 

[Di,Dj] = 0, KijDj = DiKij, 



[Di,Xj] = 8 tj ^1 + v Kj^j 



uKij, 



one can easily check that the commutators of the creation and annihilation operators (Q) are 



[«!,«]] = o, 



5jj - i/fy. (5) 



After performing a similarity transformation on the Hamiltonian (|l|), we obtain the reduced Hamiltonian 

N N 

2 



* N N 

H' = e^HO = - ^{a 2 , a]} = £ aja* + E , (6) 



acting on the space of symmetric functions. We restrict the Fock space {a\ ni ■ ■ ■ a]^ N |0)} to the 5jy-symmetric 
subspace -Fsymm, where Af = X)t=i a l a i ac ts as the total number operator. In the following we demand that all states 
should have positive norm, i. e. v > —1/N |^5f . Next, we introduce the collective Sjv-symmetric operators 

N 

B n = J2<> n = 0,l,...,N, (7) 

i=l 

where Bq is the constant N multiplied by the identity operator, and B\ represents the center-of-mass operator. 
The complete i^ymm can be described as {B\ ni Bl n 2 ■ ■ ■ B]^ N \0}}. We wish to construct the operators X\ such 
that [_Bi,X^] = for every fc greater than one, in order to separate the center-of mass coordinate. The general 
solution of this equation is described by any symmetric monomial polynomial mi (ai , . . . , cln) = X) ^2 ' ' ' ^jv > 
where et^ = ai — B\/N, and the sum goes over all distinct permutations of (Ji, I2, ■ ■ ■ , In)- The multiset (1%, I2, ■ ■ ■ , In) 
denotes any partition of Af such that Xa=i ^ = N an< ^ h > h > ■ ■ ■ > In > 0- The "shifted" operators a,i and a\ 
satisfy the following commutation relations: 

[a,i,aj] = [ot,o]] = 0, 

( N \ 1 

[at, a]] = I 1 + K ik J Sij - vKij - — . (8) 



^ = E a ? = E( a <-^) n ' n = 2,...,iV. (9) 



The simplest choice of the (AT — 1) operators commuting with the center-of-mass operator is 

N N 

N , 

Another possible choice is h n — ^ dist ®ii ' " describing one-quasihole states [ p6[ , spanning {h\ ■ ■ ■ /ijy}|0). The 
symmetric Fock space F symm is now {B\ ni A^ 12 ■ ■ ■ A^ N |0)} and after removing the center-of-mass operator it is 
{A\ n2 ■ ■■A^ lN }\0). We have reduced the problem to the (N - 1) Jacob i-type operators 2 . The norm of the state 



2 Note that the algebraic sum of all coefficients of homogeneous monomials in any is zero. 
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(OlA^AjjO) can be calculated recursively. We present results up to n = 4: 



(0|A 2 4|0) = 2{N -!){! + Nu) 

,t ln \ - ^N-lJ{N-2) 
N 



(0\A 3 Al\0) = 3 K - £ >(1+Nu)(2 + Nv), 



(0|^4|0) = 4^^(1 + Nu)x 

x [6(7V 2 - 37V + 3) + Nv{hN 2 - 18iV + 18) + N 2 v 2 {N - 2)(JV-3)] . (10) 

We see from ( |Io| ) that for the positive definite Fock space v is larger than -l/N. Two different states A*™ 2 • • • A^ N |0) 

and A3,™ 2 • • • A^ N |0) with the same energy ir^ = X) * n i) are n °t orthogonal. The total number operator on F symm 
splits into 

AT* = Af = Mi + 77, 

Ut=Mx = ^B\B 1 , 

N 

Jf ] =Jf =Y,kM k . (11) 

k=2 

Note that Afk are the number operators of At but not of A&. Namely, [Afk, A\] — Ski At, an d 7fk(- • ■ At n * ■ • • |0)) = 
n k(' • • A^ Lk ■ ■ ■ |0)) for every fc larger than one, but Afl ^ Afk- If Afk were hermitian, then the eigenstates 
A2,™ 2 ■ ■ • A^ N |0) would be orthogonal, and vice versa. 



III. THE An ALGEBRA AND BOSONIC REALIZATION 

Next, we discuss the An algebra of the collective S^v-mvariant operators Ak defined in Eq.(^J) and acting on -F symm . 
It is convenient to add two additional operators, Aq = N ■ 1 and A\ = 0. We easily see that 

[A i ,A j ] = [Al,A]]=0, 

[Ai, [Aj,Xt]] = [A,-, [A U X% any Xt. (12) 

The second relation in ( fL2| ) is a consequence of the Jacobi identity. The commutator 

[A m ,A{] = ran {f^a^af 1 ^ - ^A^A^ 

min(m,n) 



N 



n— k / . \ m — k 



J2 c k {m,n) (II s ( 13 ) 



fc=2 



is an ^Ar-symmetric and normally ordered operator. We have separated the c\ coefficient because it determines the 
structure of the algebra of observables. The coefficients Ck{m,n) depend also on the precise index structure (as can 
be seen in the k = 1 case), and the symbolical expression (Y[ 0) k denotes a product of operators Oi of the total order 
k in Si(a|). Hence, the structure of the An(v) algebra is of the following type: 

[A n , [A i2 , , A]]] ■ ■ ■] = £(Q A) 1 -', (14) 

where / = X^a=i * Q — ano - similarly for the hermitian conjugate case. Generally, j successive commutators of 
Ai t , . . . , A^ with A-, form a homogeneous polynomial ^(77 A) 7 ^ in <Zj of order / — j with coefficients independent 

of v. Therefore, we stress that the algebraic relations jl4|) are common to all sets of operators {Afc,Aj,}, with 
k = 2, 3, . . . , N, satisfying 

[A i ,A j ] = [Al,At} = 0, [M,At] = ^4 (15) 
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Two different sets of operators satisfying the same algebra (|14|) differ only in the generalized vacuum conditions, 
see below. So, we denote the common algebra of the operators by An, and its representation for a given 

v > -1/JV by A N {v). 

The term Aj-j on the r.h.s. of Eq.(|l4|) appears with the coefficient 3 (Y[ a ia)j- There are ( 2JN J^ 1 ) — N linearly 
independent relations (|i~4|). Specially, we find 

[A 2 ,[A 2 ,...[A 2 ,A n ]...]=2 n n\A n , (16) 
. ' 

n 

and more generally 

[A 2 , [A 2 , . . . [A 2 , [Al [At . . . [Al An] . . .] = (-r2 2m j^-A n . (17) 
v „ ' s „ > (n-m)\ 

m m 

Relations (|l6|) and (|l7| ) can be proved using induction and Jacobi identities. Note that any A n , n > N, can be 
algebraically expressed in terms of A m , m < N, see Appendix A. Hence, the An algebra expressed in terms of 
2(N — 1) algebraically independent operators, is closed, finite and of the polynomial type. 

For general N, the An{v) algebra of the collective S^r-symmetric operators (|^) completely determines the action 
of Ak on any state: 

A k ^---A^\Q)=Y,ij{^Y' k \Q), k<N. (18) 

In order to calculate the precise form of the r.h.s. of Eq.(p"8|), we apply the hermitian conjugate relation Eq.(|l~4|) on 
the l.h.s. of Eq.(p^|) shifting the operator A^ to the right, at least by one place. We repeat this iteratively as long 
as the number of A^s on the right from A k is larger or equal to the index k. For k > ^n^, we calculate the finite 
set of relations, so-called generalized vacuum conditions, directly from (||) and (||). We show that the minimal set of 
generalized vacuum conditions needed to completely define the representation of the algebra (|l4|) on the Fock space 
is 

A 2 Al\0) = 2(JV-l)(l + i/JV)|0>, 

A 3 Al\0) = 3(N-l)(N-2)(l + uN)(2 + vN)/N\0) ) 

A 3 Af\0) = 3(iV-2)(2 + i/iV)[2(JV-l)(l + i/iV) + 18]/iV|0>. (19) 

Namely, the operators A 2 , A 3 and hermitian conjugates play a distinguished role in the algebra, as all other operators 
A n , Ajj for n > 4 can be expressed as successive commutators (pT[), using only A 2l A3 and their hermitian conjugates. 
Therefore, one can derive all other generalized vacuum conditions using ( [l4|) and (ji~9|). 

Note that the action of A.- L A^ (and Mi) on the symmetric Fock subspace can be written as an infinite, normally 
ordered expansion 

M=E(n^) fc+i (n^) ft+i '^i- ( 2 °) 

fc=0 

Applied to a monomial state of the finite order M in -F S ymm, only the finite number of terms in Eq.(pO|) will contribute. 
For the N — 3 case, we provide explicit calculations in Appendix B, demonstrating the main features of the An{v) 
algebra. 

There is a useful (and orthogonal) basis for the problem at hand. We define the operators Ai, i = 2,...,N, 
satisfying the vacuum condition A;|0) = and 

i,4" 2 • • • Ap ■ ■ ■ A N lN |0) = n,4" 2 ■ • • A\ [n '- 1] ■ ■ ■ A^ N |0), (21) 

for all 712, . . . , njv € INq- As a consequence of [A|, Aj] = 0, we immediately find 

[A, A,} = 0, [Ai,A]] = %, i,j = 2, ... ,7V. (22) 



3 Note that the choice of one-quasihole states for the basis of the symmetric Fock space would result in a similar algebraic structure, but 
with different coefficients on the r.h.s. of Eq.(n4). 
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We define a dual Fock space as a set of states (0|^2 2 ' ' ' A^ , n * ^ -^o, such that 

(0\A< ■ • -i;«4 n2 • • -<"|0) =l[nA5 nin ,. (23) 



Although the operators Ai and A\ are not hermitian conjugate, the second equation in (|2^) induces a new scalar 
product with respect to which the states A^ 712 ■ ■ -A]^ N \0) are orthogonal to (0|A 2 12 ' ' ' A]if , according to Eq.(^Tj). 
Generally, the operators Ai can be written in the form 

oo 

i l = A l + ]T(QAt) fe (QA) fc +*. (24) 

k=1 

We give an example for the N = 3 case in Appendix B. Then we define the number operators Afi and the transition 
number operators A/i j as 

= A\Aj, Afi = Af iti = A\Ai, M = jjB\B x , 

{M i;j ,A\] = 5 jk A\, [JV id ,A k ] = -SikAj, [jVi,j,JVk,i] = - ki^k,j- (25) 

One can define a new hermitian conjugation operation (*) in the following way: 

M* 3 = Mj,t, (At)* = A k , (A k )* = A{, B* = B\, k = 2, . . . , N. 

This realization of the algebra of observables provides an orthogonal basis in the dual Fock space and leads to a simple 
realization of the dynamical symmetry algebra. 

We point out that if the set of operators {A k , A\,} satisfies relations (|l5|), then there exists the mapping Ai — f(bi, b\) 
from the ordinary Bose oscillators {bi, b\} to {A k , A\.}. If there are no null-norm vectors in the {^4} Fock space, there 
exists the inverse mapping bi = f~ x (A k , A\). It has been found in Ref.|25| that the full Fock space {a| ni , . . . , a^ N |0)} 



for v > — 1/N does not contain any additional null- norm states when compared with the {6} Fock space. As -F S y mm 
is a subspace of the full Fock space, it also does not contain any additional null-norm states, so F syinm is isomorphic 
to the {b} Fock space, and the mapping / is invertible for v > —1/N. The point v = — I/TV is a critical point of the 
algebra and a description of the system near this point is given in Ref. [ p7| . 

In our case of interest, namely in the A^(v) algebra, we have started with positive-norm states, i.e., v > —1/N, so 
there exists a real mapping / and its inverse In general, one can write the infinite series as 

A - = Etn^'HlK')"". E», = i, 5>; = *+.., 

<-> = E(iH*(rH* + ". <*» 

and then calculate the coefficients. There is freedom in mapping (^6|), which appears in the subspaces spanned by 
the monomials (UA*) 77 (or (JJ of the same order Af. A simple and natural choice of fixing these boundary 

conditions is 




4- |o> 

^ N |0)-E(ll4--^jv) riA, |0>: (27) 



and generally, 



4-4-..X" N |0>~£4" 2 E(n & K) '■■■iU>>,---!>s) >>• (28) 

Only after fixing this freedom, one can determine the coefficients in Eq.(|26|) in a unique way. For the N=3 case, we 
present results for the first few coefficients in Eq. (p6|) , up to k + n < 5, for the operators A^ and A3 in Appendix B. 
The states in the {A} Fock space are not orthogonal. However, the monomial states Y[ ^1™V\ // "T!'|0) in the {b} Fock 
space are orthogonal, so when we express bi = f^ 1 (A k ,A k ), we obtain natural orthogonal states in the {^4} Fock 
space, labelled by ijii, ■ ■ ■ ,^jv), i.e. by free oscillator quantum numbers. Degenerate, orthogonal energy eigenstates 
of level Af are then defined by Af = irii. 
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IV. THE B N {v) ALGEBRA AND SPIN REPRESENTATION 

One can construct the larger closed Bn{v) algebra containing An(v) as a subalgebra. This larger algebra appears 
naturally when one calculates the commutators between the operators Ai and Aj, defined in Eq.(^|). We discussed 
this algebra in Ref . E3| ; here we repeat the main results for completeness and present an alternative construction of 
the algebra. 

One can define S^-symmetric operators B nm : 

N 

B n , m = "I""*" 1 = B f m>n , n, to e W . (29) 

The operators B n ^ rn can be represented in the symmetric Fock space: 

S n , ro A^---A^|0) = S„, ro (nAt)^|0) = ^(n^ t ) A ' + ^ m |0). 

There are 1/2(N + 4) (AT — 1) algebraically independent B rlym operators contained in the algebra Bn(v), namely 
2(A" — 1) operators £?n,0 = f° r n — 2, 3, ...,JV and their hermitian conjugates, and N(N — l)/2 operators 
B n ,mi f° r n,m > l,n + m < N. One can express the operators B n m for n + m > N in terms of the algebraically 
independent operators B rhm with n + m < N, see Appendix A. This is a consequence of Cayley-Hamilton theorem. 
Generally, 



= TV", [Bi, B„ tm ] = 0, fB M , B n , m ] = (n - m)5 n . 



=t(«-l) s m - ;> 



1 



(30) 



In the case of AT free harmonic osillators with = 0, we find the general i?Ar(0)-algebra relation 

min(n,m) / -,\ k 

N. 



[5 m ', m , B ntn >] = ^ 0k('m ) n)(—j { [(N — l) k + l] B m > +n - k ,m+n' -k 
fc=l ^ ' 

min(n — k.m — k) . . 

— B m \ m — kB n — k,n' + ^ ' Ps{ m fe, 71 k)B m i +n — k — s,m+ri ~k — s f 1 



fc=l 

min(n — k.rn — k) 

HAm. — fc. ??. — k\ R„,/ t l _ „, i „/ i. „ I 1 — 

N 

s=l • ' 

{to' <-> n, n «-> to}, (31) 



where 



f3 k (m,n) 



k\{m-k)\{n-k)V 

For ^ 0, the structure of the Bn{v) algebra becomes more complicated. New polynomial terms of the form 
(Ho, B noitW , a ) with ^ Q n Q < n + m' — 1, ^ Q to q < n' + m — 1 appear on the r.h.s. of the commutation relation |Jl]). 
The corresponding coefficients are polynomial in u, vanishing when v goes to zero. The coefficients of the leading 
terms (fc = 1 in Eq.(|3l|)) do not depend on i/, i. e. they are the same for any v. For example, for arbitrary A^ and z/, 
we find 

[A 2 ,Al] = 2nB n - 1>1 + n — — 4_ 2 (n - 1 + vN) + nv £ (4- 2 -,4 - 4- 2 ) , (32) 



It is known that for A^ — > oo and v = the corresponding algebra is W^i+oo, so it would be interesting to see what 
kind of deformation the Bqo{v) algebra (for nontrivial v) represents. Some investigation in this direction has already 
been done, see Refs.|28|. 

Alternatively, the Bn{v) algebra can be constructed by grouping the generators into su(l, l)-spin multiplets. Note 
that the operators 



Ul J- = \A 2 , J = \[A 2 ,A\] (33) 
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generate the s^(2)-algebra. The complete set of generators spanning the Bn(v) algebra is given by (N — 1) non- 
degenerate spin multiplets with s = 1, 3/2, 2, . . . , N/2. The unique generator with spin s and projection s z is defined 
as 



1 



'(* + *,)! 



2(«-«-) V (s - s z )! 



(34) 



(»-«*) 



Its hermitian conjugate is simply J| s = J Si _ Sz . One can show that by proving relation ( |l7|) 

[A 2 , [A 2 , . . . [A 2 , [4, [Al... [4,A 2s ] ...} = (-)('— )2 2 <— > ( 7^ )!( . 2 , S) U 2S , 



by induction and using Jacobi identities. The action of elements of the s^(2)-algebra on the generator J s , Sz is defined 
in the following way: 



[J-,J a , s ,] = V( s + s z)(s ~S Z + l)J a , a ,-l, 

[J+,J StSm ] = -y/{s- s g ) (s + s z + l)J Sl a x +l, 

Let us write down the first few spin multiplets for any N in terms of B^j operators: 
s = 1, N > 2: 

Ji,i = V2A\ = 2V2J+ = 4_ X) 

Jx,o - 2B lll + (N-l)(l + Nv)=U , 



(35) 



s = |, N > 3: 



s = 2, N > 4: 



Ja 3 = VfL4j, = 4 _ 3 , Ja a = 3^^2,1 = j| _i, 



(36) 
(37) 



J 2:2 = 2V6A\ = 4_ 
J 21 = 2V6^2B 3A + 

J 2 ,o = V2 |6fl 2l a + Bi,i 



iV- 1 
N 



+ p(2N-3) 



A* \ — V 

^2 f — J 2,-l> 



12 



AT- 1 
N 
N - 1 
N 



+ (N-l)(l + Nv) 
The algebra of the operators J s , Sz is finite, closed and of general form 



+ z/(7AT - 12) 
+ p(2N-3) 



(38) 



(39) 



where \s\ z + s 2z \ < S < Si + s 2 — 1. Using the definition ( |35| ) and relation (|36D, one can easily obtain commutation 
relations involving operators of the s = 1 spin multiplet, 



[Ji,o, J s , Sl ] = 4s z J s , Sz , [Ji,±i, J s , Sz ] = T\/8(s T s z )(s ± s z + l)J s , aje ±i. 
For arbitrary AT, the algebra of s = 3/2 operators is 



(40) 



J 3 1 , J 

2 > 2 

J 2 _i, J. 



9 9^3 



3 3 

2 ' 2 ' 2 ' 2 



J 3 _ 3 , J 3 3 

2 ' 2 2 ' 2 



J3 _ I , J 3 1 

2 ' 2 2 ' 2 



9 9y/2 r 
7^^2,1 ^7-^1,1^1,0 + 9v6Ji,i 



A/ 



+ 1/(2 - AT) 



9 27 / 6 AT 

-^ J 2,o ^ -^h,\J\-\ - 9 ^— + ) Ji.o - "■ 



9 



18 



-/|^2,o + -^7^1,1^1,-1 - ^^1,0 + l 8 ^i,o 



" 1 
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where the constants a and b are 

a = +9(N- l)(l + Nv) 

b = -18(N - + Nf) 



N+l 
N 
1 

'2 + 



N 
~2 



3 

2N 



N- 



, 11 1 
N 2 - —N — - 



For N — 3, the B${v) algebra (including s = 1 and s = 3/2 spin-mutiplets) is in full agreement with Ref . p2[ . The 
exact correspondence between Y s and J defined in Rcf.|l2fl and our operators J s , Sz is 



Y x = -V2J M , 
1 



^3/2 = 2J| 



i, y 1/2 = -2\/3j3 



' ; - j (^i,o ~ 2 ) , J 2 — — (J 1)0 - 2) 2 - - Ji,i Ji, 



(41) 



This representation of the algebra of observables can be viewed as a generalization of the polynomial algebras for 
N = 2 (Ref.p|) and N = 3 (Refs.Q and ||) to the general TV. 

The Bm{v) represents an irreducible representation of the infinite-dimensional Lie algebra Q of all possible strings of 
consecutive commutators [Bi n , [Bi ri ll . . . [-Bj 2 , B. tl ] . . .] introduced in Ref. Jl6[| . The Q algebra depends neither on the 
particle number N nor on the constant of interaction v. The elements of the algebra Q fall into spin multiplets. There 
is a unique spin multiplet with a maximal spin s max = (m + n)/2, no spin multiplet with spin s — s max — 1, and many 
spin multiplets with s < s max — 1. On the other hand, we have started with a fixed number N of Calogero particles 
(oscillators) and an arbitrary v > —1/N. Then we have defined a finite closed algebra Bn{v) of operators B m>n , with 
m + n < N. We have shown (see Appendix A) that all operators B m ^ n , with m + n > N can be expressed in terms 
of B m ^ n with m + n < N. These operators have a unique su(l, 1) decomposition into unique spin multiplets with 
spin s = 1, 3/2, . . . , N/2. Degenerate spin multiplets in the approach of Isakov and Leinaas | fi6| are just composites 
of lower-spin multiplets in our picture. 



V. DYNAMICAL SYMMETRY OF THE CALOGERO MODEL 



The dynamical symmetry algebra Cn(v) of the Calogero model is defined as maximal algebra commuting with the 
Hamiltonian (^), on the restricted Fock space F symm . The generators of the Cjv(^) algebra act among the degenerate 
states with a fixed energy E = JV + E , JV a non- negative integer. Starting from any of the degenerate states with 
energy E, all other states can be reached by applying the generators of the algebra. Degeneracy appears for J\f > 2. 
The vacuum |0) and the first excited state B\\Q) are non-degenerate. For Af = 2, the degenerate states are Sj 2 |0) 
and AjlO); for Af = 3, the degenerate states are i?} 3 |0), sjA^lO) and Ajj|0), etc. The number of degenerate states of 
level Af is given by partitions Af\,... ,Nk of Af such that Af = J2k ^4- The generators of the algebra Cn(v) can be 
chosen in different ways, and in the following we present four different sets of generators. 

Set 1. Let us choose 1/2(7V + 4)(7V — 1) algebraically independent generators Xy, (i + j < N) in the following 
way: 

_ /o\ (i-j) __ ( ot \ 

Xi ' j = Bi ' j \7WJ - Xj ' x: ' ,l ~ J ' (42) 

For example, 

[Xi y o, Xj.o} = [Xo,i, Xqj] = 0, x\ s = Xi t i — Bi t i. (43) 

The generators X^^ are hermitian but they do not commute because -B^i's do not commute even for v — Jl4| . On 
the other hand, the number operators A4 ( pd| ) commute but are not hermitian because the states A\ n2 ■ ■ •Aj^ lJY |0) 
are not mutually orthogonal. Generally, 



[Af^Xij] =-(i- j)X itj , [AT, X id ] = (i - j)X itJ , 
[H,X id ] = [Af,X id ]=Q, forallij. 



(44) 
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The general structure of the commutation relations for i > j, k > I is 



Si 



E 



and for i > j, k < I, 



X 



k.i\ 



E 



ft X 



+ Xi t jX). t ifij).i{Mi), 



(45) 



(46) 



with the restriction < ^rn Q < j + i — 1, 0<^n Q <i + fc — 1, and similarly for hermitian conjugate relations. 
The functions / and g are generally rational functions of A/i, with the finite action on all states. One can show that 
for i > j: 



Bi 

7l 



B 



N 



Bi 

7l 



(i-j) 



(Mi + !)■■■ (Aft +j) 



Bi 



(M + i + *-i)---(M + i)(-7= 



and 



Bi 



A'.iAi-d-.-i.V, - ./ + n(^= 



(i-i) 



(i-i) 



Bi 



(i-j) 



-/=) (Ai-i + j)---(Ai-£ + l), 



and similarly for i < j. Now it is easy to see that 



Bj. 



B 



i_ 

N 



fc=l 



Si 



(i-fc) 



(47) 



The Cn{v) algebra is intrinsically polynomial. For N — 2, the C2(^)-Calogero algebra is the S'?7(2)-polynomial 
(cubic) algebra |1J, i.e. [X 2 fl,Xo^] = P3 (Ai , AT) . In this case, the C2(f) algebra can be linearized to the ordinary 
SU(2) algebra owing to the fact that there are two independent, uncoupled oscillators B\ and A%, which can be 
mapped to two ordinary Bose oscillators p(i|j. The SU(2) generators are 



J+ 

J- = a\b\ 



b\ 2 a 2 , 



4W(M - l)(N+l + 2v) 



Jo - 16 



4^/(M-l)CA7"+l + 2i/) 



(48) 



satisfying [J+,J-\ = 2 Jo, [Jo,J±] = ±J±- The generators J+ and J- are hermitian conjugates to each other and 
in this respect differ from the construction done in Ref.jl3|]. For N = 3, the Cs{v) algebra in Eqs.(^,^) is the same 
as in Ref . 113] . One can easily find the exact correspondence using Eq.(ffi]). 

Set 2. We can construct a new set of generators of the dynamical Cn{v) algebra in terms of the operators J s ,s x - 
For general N , we define 



X„ 



Bi 
r N 



2s z 



s,s z 



3_ 



for s~ > 0, 



, for s z < 0. 



(49) 
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The operators X s s satisfy a similar algebraic relation as the generators of the preceding realization, Eqs.(45) and 
(1): 



where Is, + s' I < S < s + s' - 1, and for s z > 0, s' < 0: 



2(s*+si) 



5 Xgl s > 



E 



JjA-,a, a -5. 0| ^(A/i) 



s,s z ,s' ,s 



(50) 



(51) 



with the restriction s" = s z + s^, s a < s + s' — 1, and similarly for hermitian conjugate relations. The functions 
/ and g are generally rational functions of j\f\, with the finite action on all states. For general N, we present several 
typical commutators that demonstrate the general structure given by Eqs.(|50|,pl|): 



-^l.o j X s 



Xi t i,X SiSz = -\/8(s - s z )(s + s z + 1)X SiSi+ i, s z > 0, 

Xi.-i.-X,,,.] = +y/8(s + s z ){s - s z + l)X s , Sl _i(M - 2s z + 2)(M - 2s, + 1) 
2s, - ~ / 2s, - 1 



M - 2s 



M - 2s* - 1 



s 2 > 0. 



(52) 



This construction can be viewed as a generalization of the polynomial algebras for N = 2 jllj and N = 3 [O] to the 
general N, using the Bn(v) algebra. 

Set 3. Here we introduce a new set of generators of the dynamical Cn(v) algebra which obey very simple relations 
and possess interesting properties. The dynamical algebra can be defined through the set of TV 2 generators in terms 
of the transition number operators (J25 



Y — 



Y, 



Y 



M id 



J— » 



N 



, for i < j, 



(53) 



where 1 < i, j < N. The diagonal generators Yij mutually commute and are hermitian with respect to * (not ^), 
because the basis is now orthogonal ( pl| ) in the dual Fock space (p3|). Note that 



_ f y i>j (M + i)---(M+i), i>j 



Yl ' lYl ' 3 ~ ^ (M + 1) • • • (M + j) Y d , i < j. 



(54) 



Hence, Yij generators can be written in terms of 2N — 1 Y\^ generators and their hermitian conjugates. We find 

[H,Y id ] = W,Y t . 3 ] = 0, [Y itl ,Y jtl ] = [Y hl ,Y h] ] = 0, Vt.j, 

= SijjVwu (M ) + Yi_\Y\ d (M), * > Jj (55) 



with / and 5 being some rational functions of A/i . The dynamical symmetry algebra Cat (z/) is expressed in a much 
simpler way through the above generators than through the {Xi d } or {X S;Sa } generators, but in all three cases 

is still of the polynomial type. 

The Cn{v) algebras are equivalent (isomorphic) for all v parameters larger than —1/N. Also, they are equivalent 
(isomorphic) to the dynamical symmetry algebra Cn of the Hamiltonian H2 = H' — Eq = Y] k _-, kbtbk, where b^'s 
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satisfy the standard bosonic commutation relation, with b\ = Bx/y N. The generators of the corresponding symmetry 
algebra are 

r b\b 3 {b x Y-i, i>j 

Zi,i = { b\b 3 {b\y-\ i<j (56) 
I b\h, i = j 

and [H2,Zij] = 0. They act among degenerate states with fixed energy E — AT, Af G INq, of the Hamiltonian H 2 - 
The commutation relations for Z^j's are the same as those for iij's, see Eqs.(|5^). This motivated us to look for a 
bosonic realization of the dynamical symmetry algebra. 

Set 4. Finally, we present the bosonic realization of the Cn{v) algebra in terms of { , J^ }, i = 2, . . . N generators 
which represent a generalization of Eq. ([l8]) : 

Jt = ; 1 bH 



V^Vi - 1) ■ ■ ■ (M - i + 1) 



J ' ~ 6li Vi(M-i)- •M-i + i)" (J,+)T ' 

Jf-i(T"*)- (57) 

One can express the generators {J^,J^} in terms of {Afc,^}, using the expression for mapping, Eq(|26]), for any 
v > —1/N. The coefficients in the expansion depend on the parameter v. The generators ( p7| ) satisfy the following 
new algebra for every i, j — 2, . . . , N: 



"2 

( y/MM-i + j) ] 7 - 7+ _, ( M 



^ + - ^^j;^ = 0, J?] = 0. (58) 

Note that the generators j£ and J~ are hermitian conjugate to each other, and that relations (|5|) do not depend 
on v. The Cn algebra contains (N — 1) ordinary SU{2) subalgebras. Different SU{2) subalgebras are connected in a 
non-linear way, namely relations (^8|) have non-linear (algebraic in Afi) deformations. We demonstrate these features 
by the simple N — 3 example: 

SU(2) : [J$, jf] = ±J±, [j 2 + ,Ji] = 2Jl 
SU(2) : J±] = ±J±, [J+,J 3 -] = 2Jl 



7+7 - VM(M + i) + _ 



The states with fixed energy E = Af are given by JJfcLi b\ ni / \/nj}.\Q) with J2iLi^ n i — These states are 
orthonormal and build an irreducible representation (IRREP) of the symmetry algebra Cm- 

The dimension of the IRREP on the states with fixed energy Af of the Cn algebra can be obtained recursively in 
N: 

[M/N] 

D(Af,N)= J2 D(Af- Ni,N-l). 
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For example, for N = 1, D(Af, 1) = 1, i.e. for a single oscillator, there is no degeneracy; for N — 2, D(J\f, 2) = [4r] +1, 
AA > 0; for AT = 3, 

D(Af,3)=£ 

More specifically, for A/" = 6n + i, for some integer n and i — 0, ... ,5: 

D(6n + i,3) = (3n + i)(n +1), for i = 1, . . . , 5, 
£>(6n,3) = 3ra(n + l) + 1. 

Note that the dynamical symmetry algebra of the Hamiltonian Hi = Ylk=i ^l^fe 1S SU(N). The corresponding 
generators are b\bj, and [H\,b\bj\ — for all i and j. The degenerate states are n*Li ^i/V^?\^) with V . = A/". 
They form a totally symmetric IRREP of SU (AT) described by the Young diagram with A/-boxes | | ... | | p9| . The 

JV 

states of the same Fock space {IIA^VV^IO)} are differently arranged. With respect to Hi, degenerate states 
are organized into the SU(N) \ | ... | | symmetric IRREP's. However, in respect to H 2 , degenerate states build the 

A/TRREP of the Cn algebra. In this sense, one can (formally) say that the non-linear algebra Cn of the Hamiltonian 
H2 is related to the boson realization of the SU (N) algebra describing the dynamical symmetry of the Hamiltonian 
Hi. 



N-3i 




N 


2 


+ 


3 



VI. THE CHERN-SIMONS MATRIX MODEL 



A. Introduction - The physical Fock space 



The Chern-Simons (CS) matrix model was obtained from the non-commutative U(l) Chern-Simons theory, and 
it was conjectured that it described the quantum Hall fluid jlqj. The regularized version of the model, introduced 
in Ref.(l1|, is related to the Calogero model fl|, fHJ |2). In Ref.pl it was shown that the minimal algebra An of 
the observables was identical in the CS matrix theory and in the Calogero model. Using the results obtained in the 
sections herebefore, we discuss the algebraic structure of the finite CS matrix theory in detail. 

Let us start from the action proposed in Ref. |19] : 



S = 



J dt-Tr [e ab (x a + i [A , X a ]j X b + 26A - loX^ + t ^ _ 



(59) 



Here, Aq and X a , a = 1,2, are N x N hermitian matrices and 'I' is a complex A^-vector. The eigenvalues of the 
matrices X a represent the coordinates of electrons and A is a gauge field. We choose the gauge A = and impose 
the equation of motion for Aq as a constraint: 



IB [Xi,X 2 ] = B6. 



(60) 



The trace part of Eq.(||) gives \pt\j> _ nbq_ Notice that the commutators have so far been classical matrix com- 
mutators. After quantization, the matrix elements of X a and the components of \I/ become operators satisfying the 
following commutation relations: 



— $ij , 

:Su5jk- 



i 

B 



(61) 



It is convenient to introduce the operator A — J ^{X\ + 1X2) and its hermitian conjugate A^ obeying the following 
commutation relations: 



= 5u5 



ilOjk, 



>ki 



= 0. 



(62) 
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Then, one can write the Hamiltonian of the model at hand as 

H = w(^ + Tr(AtA)}=w(?£+/f A y (63) 

Ma being the total number operator associated with A's. Upon quantization, the constraints ( |60| ) become the 
generators of unitary transformations of both X a and 'J. The trace part of the constraint (|6^) demands that (the 
l.h.s. being the number operator for \&'s) BO = I be quantized to an integer. The traceless part of the constraint ( |60| ) 
demands that the wave function be invariant under SU (N) transformations, under which A transforms in the adjoint 
and \P in the fundamental representation. Note that as A transforms in the reducible representation (N 2 — 1) + 1, 
with the singlet B\ = Tr A one can introduce a pure adjoint representation as (A)ij = (A)ij — SijBi/N. This slightly 
modifies the commutator (JG^), and completely decouples B\ from the Fock space. Physically, this correspondis to 
the separation of the center-of-mass coordinate as it has been done for the Calogero model. However, for the sake of 
simplicity, this will not be done in this section. So, one has to remember that when we compare the results for the 
Calogero model with those for the CS matrix model, it is always up to the separation of the center-of-mass. 



Energy eigenstates will be SU(N) singlets, and explicit expressions for the wave functions were written in Rcf. |3l|: 

JV 

|$) =]J(Tivl tl ) c 'C t/ |0), (64) 

i=l 

where = e* 1 "***^ (&A^) i2 . . . A^" 1 )^ , and (A) y |0) = *i|0) = 0. 

The system contains TV 2 + N oscillators coupled by N 2 — 1 constraint equations in the traceless part of Eq. ([30]) . 
Effectively, we can describe the system wih N + 1 independent oscillators. Therefore, the physical Fock space that 
consists of all SU (N)-mvariant states can be spanned by N + 1 algebraically independent operators: 

B\ = TrA tn , with n = 1,2,.. .,N, (65) 

and C^. Again, the operators B k for k > N can be expressed as a homogeneous polynomial of total order k in 
{b\, . . . , Bjv}, with constant coefficients which are common to all operators A\ see Appendix C. We use the same 
letter to denote observables in both models. In the CS matrix model, B n = Tr A n and in the Calogero model, 
B n = a™, but from the context it is clear what B n represent. Since 

Tr A k C* 1 10) = B k tf l |0) = 0, Vfc, VI, (66) 

the state C+'jO) = |0,Z) can be interpreted as a ground state - vacuum with respect to all operators Bk ■ Note that the 
vacuum is not normalized to one, i.e., (0,l\0,l) ^ 1. The whole physical Fock space can be decomposed into towers 
(modules) built on the ground states with different I: 

oo oo 
1=0 1=0 

In Ref . |2(J it was shown that the states in the 1-th tower of the Chern-Simons matrix model Fock space were identical 
to the states of the Calogero model with the interaction parameter v = I + 1. 

B. The An algebra, bosonic realization and dynamical symmetry 

Using [Aij,B^] = n(A^ n ~ 1 )ij, we find a general expression for the commutators between observables: 

m — 1 n— 1 

[B m , fit] = n Tr (A r A^^ 1 A rn ~ r ~ 1 ) = m ^ Tr (A*' A^A*"-'- 1 ) . (67) 

r=0 s=0 



One can normally order the r.h.s. of Eq.(67) using the recurrent relation 

n-2 



Tr(A r A^ n - 1 A m - 1 ) = T^A 1 - 1 A^- 1 A m ) + Tt(A r - 1 A^')Tr(A in -'- 2 A m - 1 ). (68) 



s=0 
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With the formal mapping Tv(A r A^ s A k ) — > a| s qf , relation ( |67| ) goes to the relation valid for the observables in 

the Calogero model. Also, the recurrent relation ( |6q ) has its counterpart in the Calogero model with v = 1, with the 
same formal mapping. The minimal algebra An including only observables of the type B n and B^, defined by the 
following relations (including the corresponding hcrmitian conjugate relations): 

n 

[B n ,[B l2 , [..., [B in ,B\] ...]]= n\ J] i a Bi- n , (69) 

a = l 

where / = X)q=i *a and ii, . . . , i n , n = 1, 2, . . . , N. The identical successive commutators relations ( |69[ ) hold for the 
observables acting on the Sjv-symmetric Fock space of the Calogero model, see Eq.(|l4|), the only difference being 
that in the Calogero model we have separated the center-of-mass motion. The minimal set of generalized vacuum 



conditions needed to completely define the representation of the algebra (69) on the Fock space is 
B 2 Bl\0,l) = 2N(N + IN -l)\0,l), 

B 3 Bl\0,l) = 3N[N 2 + l + l(N -1)(2N -I) + 1 2 {N -l)(N -2)}\0, 1) =y\0,l), 
B 3 Bl 2 \0,l) = U{(1 + 1)B\bI + [N+{N -2)l + y/27\Bl}\0,l). (70) 

The generalized vacuum conditions for the CS matrix model ( |70|) are the same as those for the Calogero model with 
the interaction parameter v = I + 1 p(J. 

Using the results obtained in the Calogero model, we can construct a mapping from free Bose oscillators {bi, b\} to 
{Bi, Bl}. However, the coefficients in the expansion 

^=E(n b+ ) n+fe (Q b ) fc 

k 

depend on Z, i. e. they are not the same for all towers in the physical Fock space. On the other hand, we can construct 
a mapping that includes the C operator and its bosonic conterpart cq: 

^=E(n fot ) n+fc ^ c o(n & ) fe ' 

k,l 



^=E(n fot )^ +i 4(n & ) fe ' 

k,l 

where 

[bi,bt] = Sij, [co,cJ] = 1, [6i,cJ] = 0. 
The inverse mapping is given similarly as 

bl = ^2(l[Bi) n + k CVC l (l[B) k , 

k,l 



k,l 

As in the case of the Calogero model, these mappings are not unique, but there exist a simple and natural choice of 
the boundary condition, see Eqs.(|27j) and (p8|). The mapping to bosons provides a natural orthogonal basis. 

In order to describe the dynamical symmetry of the CS matrix model we can use the same relations as those 
obtained for the Calogero model. The generators of the symmetry algebra obtained from the Calogero model act 
within a fixed tower of states in F^^. However, one can introduce an additional generator acting between different 
towers in order to describe the larger dynamical symmetry connecting all degenerate states in the CS matrix model. 
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C. The B)f algebra 

The problem of finding the underlying algebra of observables in the CS matrix model is more compli- 
cated than in the Calogero model. An additional problem is that in the CS matrix model there are more 
invariants of a given order. For example, let us consider the set of six observables of the fourth order 
{Tt{A'' 2 A 2 ),Tt(AA^A),Tt(A^A 2 A^,Tt(A 2 A^),Tt(A^AA^A) : Tt{AA^AA^)}. After performing the normal ordering 
(see Appendix C), we find that there are two independent, normally ordered invariants {Tt(A^ 2 A 2 ), A^A^AjkAn}, 
for N > 4. (For N — 3 there is only one independent invariant of that order.) In the Calogero model, for N > 4 
there is only one invariant of the fourth order ^2 a] 2 a 2 . Hence, we cannot describe the B N S algebra in terms of the 
generators -B m , n = r £x{A^ m A n ) in a way analogous to the procedure in the Calogero model. 

There are two approaches to the construction of algebra of observables in the CS matrix model. Generally, these 
two approaches result in different algebra, although in the Calogero model they produce the same algebra. The first 
one is to write all possible invariants in A* and A, and then to reduce them to the normally ordered ones. The main 
point is that this set of normally ordered inariants coincides with the set of all invariants in two N x N matrices 
X and Y of which the matrix elements are c numbers. The problem thus reduces to finding the minimal number 
of algebraically independent invariants of two N x N matrices. This was solved explicitly for N = 2,3 by Sibirski 
HU and for general N by Donkin |Q. One starts with the finite set of the algebraically independent invariants, for 
example, for N = 3 with {Bi, B 2 , B 3 , B\ , b\, b\, Tr(A* A), Tt(A^ 2 A), Tr(AU 2 ), Tr(A^ 2 A 2 ), : Tr(A^ 2 A 2 A^A) :}, and 
calculates all possible commutators between them. The results are invariant operators that can be expressed generally 
in terms of polynomials in algebraically independent invariants. Note that the basic set of independent invariants 
is not unique and can be chosen in different ways. However, each invariant can be uniquely expressed in terms of a 
given basic set of algebraically independent invariants. Generally, one can express the commutator between any two 
observables as a polynomial in terms of basic generators. This approach is under investigation and will be reported 
separately. 

The second approach is a generalization of our construction of the An algebra. Namely, we start with a minimal 
number of generators {B\, B%, . . . , .Bj, B\, ■ ■ •} describing the complete physical Fock space, and try to close the algebra 
under the Lie bracket (commutator) with a minimal number of additional generators. For finite N, the algebra is 
finite and generally contains less generators compared with the first approach. Since the result of the Lie-commutator 
of two generators is a polynomial in the basic generators, we call the algebra of this type finite polynomial Lie algebra. 

For N — 2, the B2 algebras for the Calogero model and the CS matrix model are equivalent, but for N > 3 
they differ. We demonstrate this by the N = 3 example. We start the construction of the B§ s algebra with 
{B±, B2,B3,B\,B2,^bI} and four additional generators 0i,i, 0i,2,02,i, 02,2 defined as 

l>,-l>] i.lO, ;„, ,. /../ 2.3. 

The operators {B2, B\, 0i,i} build the su(l, 1) algebra. This algebra is a subalgebra of every polynomial Lie algebra 
B N . The operator 01,1, (the total number operator) satisfies the following relation: 

[Oi, 1 ,O i j] = (i-j)O iJ . 

The B^ s algebra is defined by two types of commutation relations: 

[Bi,Oj, k ] = ijdh 1 A., ;. [BlOj, k ] = 'A-0,. ; 1 . i.- ;. (71) 

and 

[0i+i,j+i,0fc+u+i] = {jk - U)O l+k+lj+ i +1 , ij,l,k = 0, 1. (72) 

The latter commutator ( ^2|) follows from the former (|7l|) and the Jacobi identities. 

It is important to note that the invariant of the sixth order Tr^^^A^A) does not participate in the above algebra! 
This means that although the above algebra B§ s is the minimal algebra, closed under commutation, it is not complete 
in the sense that we do not know the commutator between any two observables. The second important point is that 
the above algebra B^ s applies equally well to the three-body Calogero model. The only difference is that the invariant 
02,2 in the Calogero model can be expressed in terms of the lower invariants, see Appendix A. However, when we 
reduce the set of generators for SSp al to nine, using the identity for 02,2, we obtain a different algebra with different 
commutation relations. The above construction can be generalized for any finite N. The generators are of the form 
B n , B^, [B n ,BlA, [Bk, [BnjBjn]], etc. The number of generators is finite, with an upper limit of 2A?" 2 generators. 
Of course, the lower limit of the number of generators is the number of generators of B N &1 in the Calogero model - 
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l/2(N + 4)(N— 1). Using Jacobi identities the commutator of any two generators can be expressed as a combination of 
successive commutators. Some of them are generators of the algebra, and the others can be expressed as polynomials 
of generators. Here we give some simple, general results: 



[B in _ 1 ,...,[B i ,B} l ]---] _ [£? 7 ,_ n+2 ,£?|] T ,_$A. 
/Vrn-i • \ , 2(1' -n + 2)' ^ %ai 



TiiA^AA^ + ^ ts AA tr ) = Tr(^ tr+S A + AA^ +S ). (73) 

The authors of Ref.[[l7) considered the infinite set of all successive commutators of the type 
[fftD [5*21 • ■ ■ 1 [ff<n>5*«,+i] ' ' ']) where gi is either or Bj, i natural number. This set was closed under commuta- 
tion, which followed from the Jacobi identities, and all generators were "mirror" symmetric. However, they did not 
know how the algebra Q looked like explicitly, and gave a step by step construction. As their main results they pre- 
sented a Table with numbers of linearly independent invariants of a given type (n, m), but they completely omitted 
the discussion of non-linear identities between invariants that are crucial for the finite number of degrees of freedom. 
The conclusion of Rcf.jlTj was that the algebras Q for the Calogero model and for the matrix model were the same. 
Although this is true, the actual models are different, as can be seen from the algebraic structure obtained for a fixed 
number of particles N . 

VII. CONCLUSION 

The minimal algebra An of invariant operators A4 defined by the successive commutation relation and the gener- 
alized vacuum conditions completely define the action of the operators A4 on the states in the physical Fock space. 
The general structure of the An algebra can be viewed as a generalization of triple operator algebras J34| to the 
(N + l)-tuple operator algebra. For N = 2, the A 2 (y) algebra is just [A 2 , [A 2 ,A\}] — 8A 2 for a single oscillator 
A 2 = (a 1 — a 2 ) 2 /2 describing the relative motion in the two-body problem. 

We have constructed an orthogonal basis Ai in the dual Fock space. The operators Ai and A- are conjugate to each 
other with respect to the new scalar product that they induce on the dual Fock space. This construction differs from 



the construction proposed in Rcf.| 13 where conjugated operators with different indices do not commute. Furthermore, 
we have shown that there exists a mapping from ordinary Bose oscillators to operators Ak,A\., and its inverse, and 
in this way we have obtained a natural orthogonal basis for the symmetric Fock space. 

Since this algebraic structure is identical in the Calogero model with that in the CS matrix model, all above- 
mentioned results aplly equally to both models. 

It has been shown |^0|, |2^] that the states in the I— th tower of the CS matrix model Fock space are equivalent to 
the states in the physical Fock space of the Calogero model with the interaction parameter v = I + 1. Therefore, in 
order to describe the dynamical symmetry of the CS matrix model, we can use the same relations as those obtained 
for the Calogero model. 



The authors of Ref.|17| claim that the infinite algebra Q, analyzed in their paper, is common to both, the Calogero 
model and the CS matrix model. In fact, this algebra is common to al l sy stems of infinitely many identical particles. 
However, the analysis of the finite CS matrix model proposed in Ref.|l9[ requires finite algebras of observables. We 
have shown that owing to the trace identities between observables for finite N, the effective, minimal, finite Bn 
algebras of observables for the Calogero model and the CS matrix model are quite different. The B N S algebra contains 
more algebraically independent observables than B N al . Also, in the CS matrix model one has to be careful when 
constructing the B N S algebra. There are two different methods of constructing the algebra and they lead to different 
results, as we have demonstrated by the N = 3 example. Moreover, for the Calogero model, B N &1 can be connected to 
W algebras, whereas for the CS matrix model it is unclear whether B N S represents a generalization of the W algebra. 
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APPENDIX A 

It is known ||^, that the sum of powers B n = YliLi a ? f° r n > N can be expressed in terms of B^, 1 < k < N 
in the form B n = ^2 (II B) n . In the preceding sections we have claimed that there exist similar relations for the 
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elements of the algebras A^{v) and Bn{v) of the form 

A «=E(ri A ) n > n>iv > ( ?4 ) 

and more generally, 

B n>m = (n^»-™°) , n + m> N, (75) 



where n a < n, m a < fn. Here we give a method for calculating the coefficients in the identities ( J74| ) and (|7 
For fixed AT, let us denote 



N—i /N-x 



i=i 



where at,... ,a,N—x are independent operators. Since these operators mutually commute, we treat the above identity 
as an identity in the ring of polynomials in real variables dj S 1R. In order to calculate the coefficients in Eq. (|74|) , 
we construct a set of linear equations inserting some points (at, di, ■ ■ ■ ,ajsr-x) m Eq.(74). For example, the point 
(1, k, 0, . . . , 0) gives A n = 1 + k n + (-) n (l + k) n for A n in Eq.©. For N = 2, one easily finds 



N-X 



We also list some results for N = 3: 



and for iV = 4: 



A 2fc = i^2> A 2k+i = 0, k > 1. 



4, - i/1 2 
^4 — £ 2' 

6 

A 6 = -Ai, + -Al, 
b 4 3 



A 5 = -A 2 A 3 , 
6 

A 6 = -A 2 A i --A 3 2 + -A 2 3 , 

7 7 
A 7 = —A 3 A 4 + —A 2 2 A 3 . 



To calculate the coefficients in Eq. (|75|) , we proceed in two steps. First, we find the coefficients in the following 
relation: 

B ni m — : J^-B nai „ iQ! :, (77) 

where J2n a = n, J2m a = m, and : O : denotes normal ordering of the operator O, a] on left and aj on the right. 
Since by definition : a^j : = : ata^ :, we consider the identity (Q) as an identity in the ring of polynomials in two sets 
of commuting, real variables. Then we construct a set of linear equations inserting some points in relations ([75]) and 
(f77|). For example, for points {aj, . . . , ajy^i} = {!> k, 0, . . . , 0} and {Si, . . . , 5/v-i} = {1,0, ... ,0,1} the corresponding 
invariants are: 

B n<m = / + (-r+"(l + fc)"(l + m , m>0,Vn, 
At = l + fc" + (-) n (l + fc)",Vn, 
A n = l + l n + (-)"(! + fc) n ,Vn. 



For the N — 2 case, we find 



B n ,m = 0, for n + m = odd, 

#2fc,2i = 2fc+ ;_ 1 A^A 2 , J B 2fc+ i,2i + l = 2fc+ ,_ 1 A| fc £l,lA.2- 
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We also have a set of relations for N = 3: 



-83,1 = 


2-451,1, 




-82,2 = 


1 — 2 

3^1,: 


+\a\a 2 , 


-84,1 = 


^4^1,1 - 


^4^2,1, 


-83,2 = 




- ~4*i,2 - 



- : B2, i-Bi,i : ■ 

In the four-particle case, the expressions for 04, 1 and -03,2 are the same as in the three-particle case, and we present 
results for 05, 1, i?4,2 and -83,3: 

5 .1 = 14^2,1 + ^453,1, 

04.2 = \A\A 2 - \A 2 A 2 + ^402,2 + ^4^1,2, 

03.3 = -—AlA 3 + j : 02,2-01,1 : -g : 0i,i : + ^ : 02,1-01,2 : • 

Note that identities for 0„. m transform into identities for A n+m after identification a\ = Hi. 

In the second step we express the normally ordered products in terms of the elements of the Bjq(y) algebra: 

using the commutation relations (||). We present few examples: 



:0!,i: 


= 0i,i(0i, 


02,i0i,i : 


= 02,l(01, 


02,i0i,2 : 


= 02,101,2 


02,20i,i : 


= 02,2(01, 


:0?,i: 


= 01,l(01, 



1 



N^ 2 I ' 



i 2 ^2, 



Finally, we have 



£2,2 = \b\^-\b 1 , x {1-Nv) + \a\A 2 , N<3, 
6 3 b 



-03,2 = ^4^2 + ^4^1,2-^-02,101,1 + -02,l(l-iV^), N< 4, 



~A A 3 - -0i,iCBi,i - 1 + Nv){Bx,x -2 + 2Nv- 2v) + |-0 2 , 2 0i 



^02,1-01,2 - ^2,2 (\ - Nv\ + A\A 2 -,<). X + 



APPENDIX B 

In this appendix we perform some explicit calculations for the A%{v) algebra. The minimal set of relations which 
define the A3 algebra of operators {A 2 , A3, A\, Al,J\f} is 

[A i [A2,A\]]=AiA i , 

[a 3 , [a 3 , 4]] -34, 

[Ai, [A 2 , [A 3 , 4]]] = $iAiA 2 , i = 2,3, 
[A 2 ,[A 2 ,[A 2 ,4]]] = 48A 3 , 

[A 3 ,[A 3 ,[A S ,At]]} = 5AAl-^Al (79) 
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For a given representation with fixed parameter v, we also need generalized vacuum conditions: 

A 2 |0) = A 3 |0) = A 2 4\0) = A 3 A 2 \0) = A 3 A 2 2 \0) = 0, 

A 2 A\\Q) = 4(1 + 3i/)|0), A 3 Al\Q) = 2(1 + 3i/)(2 + 3i/)|0>, 

A 3 ^A||0) = 2(2 + 3i/)(4 + 3i/)A||0), A3Aj 2 |0) = 2(2 + 3i/)(ll + 6i/)4|0). 



(80) 



The algebra (|79|), with the vacuum conditions flSOD, has a unique representation on F symm . Using Eqs.(|79|) and (JSC 
one finds the action of the operators A 2 and A 3 on any state in the Fock space: 



A 2 \n 2 ,n 3 ) 



|n 2 + 2, n 3 - 2) + 4n 2 (3n 3 + n 2 + 3i/)|n 2 - l,n 3 ), 

{2 + ?>v + n 2 ) + 27 



A 3 |ri 2 , n 3 ) = 2 ( n 3 (2 + 3i>)(1 + 3^ + 3n 2 ) + 9 
'n 2 



6n 3 



x|n 2 ,n 3 - 1) +48 



n 2 - 3, n 3 + 1) - ( "f ) |™2 + 3,n 3 - 3). 



The ket |n 2 ,n 3 ) denotes the state A^ 2 A!™ 3 10>. 

Here we demonstrate how to construct an orthogonal basis in the dual Fock space defined by (| 
general expression (E4f), up to k + n < 5: 



(81) 



We write the 



A 2 = g 2 A 2 + g 22 A\Al + g 23 A\A 2 A 3 + ■ ■ ■ 
A 3 = g 3 A 3 + g 32 A\A 2 A 3 + ■ ■ ■ , 

with unknown coefficients g. To calculate five unknown coefficients in (|S2|), we need the following relations: 

A 2 A\\Q) = 4(l + 3i/)|0), 

A 3 A 3 |0) = 2(1 + 3i/)(2 + 3i/)|0), 

A 2 A3, 2 |0) = 8(2 + Zv)A\ |0), 

A 2 44|0) = 4(4 + 3i/)4|0), 

A 3 A^|l°) = 2(2 + 3i/)(4 + 3i/)A^|0>. 

Next, we apply Eqs.(|82|) to the states in the Fock space, and using (|||) we obtain 
1 1 .+ ,o 3 



(82) 



(83) 



A 2 = 
A 3 = 



4(l + 3i/) 
1 



A 2 



2(1 + 3i^)(2 + 3i/) 



16(1 + 3^) 2 (2 + 3zy) A ^2 



(l + 3i/) 2 (2 + 3i/)(4 + 3i/) 



8(1 + 3i/) 2 (2 + 3i^)(4 + 3^) Ji 1 
A\A 2 A 3 + ■■■. 



A\A 3 A 2 



Next, we calculate the coefficients in the expressions (p6|), up to k + n < 5, thus finding the mapping from the Bose 
oscillators {bi,b[} to the operators {A i} A]}, and vice versa. We write the general expression 



A 2 = f 2 b 2 + f 22 b\b 2 2 + f 23 b\b 2 b 3 + ■ • • 
A 3 = f 3 b 3 + f 32 b\b 2 b 3 H , 

with unknown coefficients f. Inserting the expansion J84] ) into Eqs.(|8^) and solving for f's, we obtain 

A 2 = 2-s/l + 3t/ 6 2 + 2 (V2 + 3z/ - Vl + 3u) b\b\ + 2 (y/i + 3^ - Vl + 3i/) 636263 + • • • , 
A 3 = v/2(l + 3^)(2 + 3i/) 6 3 + (v/2(4 + 3i/)(2 + 3i/) - ^2(1 + 3z/)(2 + 3i/)) 6j6 2 6 3 + ■ • 



(84) 



(85) 



and similarly for hermitian conjugates. 

The norms in the {A?,™ 2 A 3 ™ 3 10)} Fock space are positive if v > —1/3 (see Eq. (|l0|) ) , and we look for inverse mapping. 
The general expressions are 



b 2 = f 2 A 2 + f 22 A\A\ + f 2Z A\A 2 A 3 



f 3 A 3 + f 32 A\A 2 A 3 



(86) 
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Inserting these relations into 

&i&}|0) = %| 0), 6i6j6j|0) = (1 + <%)&>), 
and solving for unknown coefficients, we find 



A 2 A\A 2 2 I /l + 3i/ 



2vTT3^ 8(1 + 3^) 3 / 2 V V 2 + 3^ 



1 



AlA 2 A 3 ( /l + 3i/ x 



4(1 + 3^) 3 / 2 (2 + 3^) I V 4 + 3z/ 

A 3 AjA 2 A 3 /■ /l + 3i/ 



v/2(l + 3t/)(2 + 3i/) 4^2(1 + 3^) 3 (2 + 3z/) V V 4 + 3 



-! +•••. (87) 



After determining the mapping, we are in a position to construct the orthogonal states. The first few of these states 
are as follows: 

b 2 2 \0) = 1 =4 2 |Q), 

V(1 + 3i/)(2 + 3i/) 

&Sbt|o) = — 1 44 |Q), 

2 31 7 2^/2(1 + 3z/)(2 + 3i/)(4 + 3j/) 2 31 7 

4 3 |0) = 1 4 3 |0), 

2 8^/3(1 + 3i/)(2 + 3i/)(1 + i/) 2 



b. 



t2 |0)=a(-12(l + ^)4 2 |0)+4 3 |0)) 



a" 1 = 12v/2(l + v){l + 3i/)(2 + 3i/)[(l + v){2 + 3i/)(ll + 6i/) - 2]. (88) 



APPENDIX C 



We propose a method for constructing algebraic relations between observables in the Chern-Simons matrix model. 
The starting point is the Cayley-Hamilton theorem. For a N x N matrix A, it expresses A N as a linear function of 
lower powers of A, with coefficients which are symmetric functions of eigenvalues of A: 

A N = ei A N ^ - e 2 A N ~ 2 + ... {-) N ~ l e N • I, (89) 



where e r is the rth elementary symmetric function |3q| of eigenvalues of A. The trace of Eq.(89) can be written in 
the following form: 

JV 

Pn = ^(-) i_1 eipjv-i, (90) 

8=1 

where p r is the rth power sum J35| of eigenvalues of A. Using Eqs. (^9|) and ( p0| ) we can generate algebraic relations 
between observables, for fixed N. We will demonstrate the method for the N — 2 and N — 3 cases. 
For N = 2, the Cayley-Hamilton theorem gives 

A 2 = (Tr A) A - ActA ■ 1 = B X A - dctA • 1, (91) 

and the trace of (^lj) gives 

B 2 =B\- 2detA (92) 

First, we generate some algebraic relations expressing observable the B n , defined in (|65|), for n > 3, using only B\ 
and B 2 . One multiplies Eq.(|9l|) by A, takes a trace and expresses detA using Eq.(|92]), to obtain: 

B 3 = \b 2 B x - l -B\. (93) 
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The expression for B4 is obtained along the same lines, but we also have to use the relation (|93|): 

B 4 = ±Bl + B 2 Bl-±Bt. (94) 

Recursively, we can generete all algebraic relations expressing B n , n > 3, using only B\ and B 2 . Of course, when we 
put Bi = 0, we obtain results valid for Aj operators in the Calogero model (see Appendix A). 

For the N = 3, case we present a few relations obtained along the same lines. The Cayley-Hamilton theorem gives 

A 3 = (TrA)A 2 + ^[TrA 2 - (Tr A) 2 ]A + detA ■ 1, (95) 

and from the trace of Eq. (|95| ) we obtain 

detA = is 3 - \biB 2 + ±Bf. (96) 



Using Eqs.fl95|) and (|96j) one easily obtains 

1 2 2 4 1 . 

Bi = -B 2 - B 2 B 1 + -B 3 Bi + qB 1 , 

2 3 ^~ 5 

5 6 6 6 1 6 1 ' 

5 6 = i S l + ^f + 1*3^! + ifl 3 fl»-|B|fl? -ifl 2 B? + ^S? . (97) 

Next, we turn to the elements of the algebra S^ s . These observables are all of the type Tr(A^ ni A mi ■ ■ ■ A^ nk A mk ), 
where m%, rti E {1,2,..., (N — 1)}, and k < N. They are not all algebraically indepedent, and in the following we 
give a method for constructing the relations between them. 

We are dealing with matrices whose matrix elements are operators, so we have to take care of ordering. It is impor- 
tant to observe that the relations between normally ordered invariants are identical to relations between invariants 
in two N x N matrices whose matrix elements are c-numbers. Therefore, our first step is to reduce observables to 
normally ordered ones. For example, 

n-i 

Ti(AA^) = Tr(At'M) + TrA^TrA^—- 1 , 

s=0 

Tt(AA^AA^) =: Tr (AA^ AA^) : +3iVTr(AU) + TV 3 , 
Tt(A^AA^A) =: Tc(AlAA*A) : +Tr(AU), 

Tr(A 2 A t2 ) = Tr(A t2 A 2 ) + 3NTr(A^A) + 2TrA t Trv4 + N(N 2 + 1), 
Tr(AA^A) = Tr(A t2 A 2 ) + TrA^TrA + NTt(A^A), 
Tr^U 2 ^) = Tr(A t2 A 2 ) + TtA^TtA + NTt(A^A), 
Tt{A^ 2 AA^) = Tr(A t3 A) + ATrA t2 , 

Tr(AUA t2 ) = Tr(A t3 A) + ATrA t2 + (Tr^) 2 . (98) 

Now, we can construct the relations connecting normally orderd observables starting from the expressions for B/~ = 
Tr(A k ). For example, in the N — 3 case, we use the first relation in Eq. (|97|) to write 

: Tt(A* + A) 4 : = 1 : (Tr(A f + A) 2 ) 2 : - : Tr(A f + A) 2 :: (Tr(A f + A)) 2 : 

+ - : TrMt + A) 3 Tr(A t + A) : +- : (TWA* + A)) : 4 . (99) 
3 6 

This relation gives us an identity expressing observables of order (3, 1) as functions of observables of lower order. An 
observable of order (m, n) is any observable of the type Tr(A^T • • • A ■ ■ •) with m A* and n A matrices in the trace. 
We take : Tr(A t3 A + A 2 A^ A + AA^A 2 + AA* 3 ) : on the l.h.s of Eq.|j§) and we pick up all terms of the same order 
in A^ and A on the r.h.s. Thus, we obtain the following result: 

Tr(A t3 A) = ^TrA^Tr(A^A) - ^TrA^TrA^TrA- ^(TrA^Tr^U) 

+ i(Tr^) 3 Tr^ + Tr^ t Tr(A t2 A) + ^TrA^TrA, (100) 

o 
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Using ( p_00[ ) and relations given in (^) we can express all observables of order (3,1) as functions of observables of 
lower order. From relation ( p9[ ) we also obtain a relation for observables of order (2, 2) - we simply pick the terms of 
order (2, 2) on both sides of Eq.@: 

2Tr(A t2 A 2 )+ : TV(AUAU) :=: (Tr(AU)) 2 : + ^Tr,4 t2 TrA 2 - 2TrA t Tr(A t J 4)Tr J 4 
_I T rA t2 (T rJ 4) 2 - i(TrAt) 2 TrA 2 + ^(Tr^^Tr^) 2 + 2Tr(A t2 A)TrA + 2TrA t Tr(^4 t A 2 ). 

To obtain all relations among the invariants one uses the Cayley-Hamilton theorem for matrix C = + \A. For 
k > N we can write TrC fc as a polynomial in TrC, . . . , TrC^, and project terms with A", n = 1, 2, . . . , (k — 1). We 
start with /j = N + 1 and construct algebraicaly independent invariants, step by step, by going to higher k. 

For completeness, we give some results for N = 2 case: 

Tr(A t2 A) = ^TtA^ 2 TtA + Tr^Tr^U) - ^(TtA^) 2 TtA, 

Tr(A t2 A 2 ) = ^TtA^TtA 2 + TtA^Tr(A i A)TrA- ^(TrA^) 2 (TrA) 2 , 

: Tr(A^AA^A) := -^TrA n TrA 2 + : (Tr(AU)) 2 : +ilivl t2 (Tr,4) 2 + ^(TtA^) 2 TtA 2 

-i(TrAt) 2 (Trv4) 2 . 
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